Nonlinear elastic responses of short and stiff polyelectrolytes are investigated by dynamic simulations on a single-molecule level. When a polyelectrolyte condensate undergoes a mechanical unfolding, two types of force-extension curves-i.e., a force plateau and a stick-release pattern-are observed depending on the strength of the electrostatic interaction. We provide a physical interpretation of such force-extension behavior in terms of intramolecular structures of the condensates. We also describe charge distributions of counterions condensed onto a polyelectrolyte, which clarify formation of one-dimensional strongly correlated liquid at large Coulomb coupling regime. These findings may provide significant insights into the relationship between a molecular elasticity and a molecular mechanism of like-charge attractions observed in a wide range of charged biopolymer systems.
I. INTRODUCTION
Electrostatic interactions in aqueous media can be controlled by changing the temperature, dielectric constant of the solvent, and counterion valency ͓1͔. It is well known that the celebrated Poisson-Boltzmann ͑PB͒ or Debye-Hueckel theory provides a good description of a weakly charged or high-temperature system for which the mean-field approximation works well ͓1,2͔. In a strongly charged system, however, effects of correlations between counterion charge fluctuations, which are neglected within the widely used PB theory, give rise to several unexpected phenomena ͓3-21͔. Especially in biological systems, macromolecules such as polynucleic acids, proteins, and membranes, which are all dissolved in water containing various salt ions and usually carry their large number of charges, electrostatic interactions often play a central role in determining the phase behavior of such systems. Among them, one of the most familiar examples is the condensation of a single DNA molecule in the presence of various polyvalent cations ͓22-26͔. DNA is a highly negatively charged polymer with the elementary charge unit −e per 0.17 nm. DNA-DNA interactions in aqueous solution with physiological condition ͑0.14M NaCl plus possible other ions͒ are therefore modeled as screed Coulomb repulsive interactions with a Debye-Hueckel screening length of D ϳ 1 nm. The addition of a small amount of polyvalent cations-e.g., spermidine-however, leads to the compaction of a single DNA molecule to specific structures, such as a toroid or rod. Even a densely packed DNA condensate still has a net negative charge; this compaction is often termed as a counterintuitive "like-charge attraction." Thanks to a huge amount of theoretical, numerical, and also experimental studies in these two decades ͓3-29͔, the equilibrium properties of like-charge attraction are now becoming clear.
On the other hand, ionic effects coming from counterion degrees of freedom also modify the elasticity of a polyelectrolyte ͑PE͒ chain ͓30-35͔. Recent micromanipulation experiments have shown impressive elastic responses of single DNA molecules collapsed by polyvalent cations ͓36-38͔, which significantly deviate from the entropic elasticity of an ideal wormlike chain ͑WLC͒ ͓39͔. For a relatively low concentration of spermidine, the measured force curve has a plateau in a wide range of the polymer's extension, which has been typically seen in pulling a polymer globule ͓40͔. With increasing the concentration of spermidine, the compaction of DNA becomes stronger, leading finally to the appearance of a striking sawtooth pattern in its force-extension curve, which is specifically called as a "stick-release pattern." This type of periodic response can be attributed to turn-by-turn unfolding of toroidal supercoiling ͓38,41͔, though any direct evidence of that is not yet available. What is important in those experiments is that the PE's mechanical responses to applied large deformations not only reflect the PE's equilibrium condensate structure, but also involve dynamic effects. The experimental finding thus offers a combined problem of long-ranged Coulomb and nonequilibrium effects, which makes this problem highly complicated. In spite of that clear experimental evidence, therefore, there exist a few theoretical and numerical studies on this and related problems so far ͓42-46͔; our understanding seems at present far from satisfactory.
In this paper, we report results of a Brownian dynamics ͑BD͒ simulation of the stretching of single PE condensates. The present simulation covers only a salt-free system with a short chain strand as a first step, but effects of counterions which are strongly coupled to PE's are taken into account explicitly. The force-extension ͑f-x͒ curve of a PE chain shows WLC entropic elasticity, a force plateau, and a stickrelease-like pattern as the electrostatic coupling increases. This trend is consistent with that observed in DNA stretching experiments ͓36-38͔, where the electrostatic coupling strength is controlled by the concentration of added polyvalent cations. Note that, experimentally, the effective charge valency of counterions nearby a PE, which controls the strength of the electrostatic effect to thermal energy, increases with an increase of the concentration of added polyvalent cation, due to the entropically driven counterion exchange between monovalent and polyvalent cations ͓47͔. By investigating the charge ordering of counterions for both condensed and unraveled PE's, we find that counterions are in a fluid phase with moderate correlations for a forceplateau case, while they possess a short-range ionic crystallike order with strong correlations for the stick-release case. In order to highlight electrostatic effects upon PE's mechanical properties, we are primarily focusing on systems with very strong Coulomb interactions which are beyond typical physiological conditions. Furthermore, the present study deals only with relatively short and stiff polymers and also neglects complicated structures of biopolymers ͓48͔; a direct comparison with any experiment may be impossible at this stage. The primary aim in this work is to build bridges between the single-molecule elasticity and the physical pictures of the counterion-induced attractions from the dynamical perspective, which may serve as a first step towards achieving a microscopic understanding of available experiments. This paper is organized as follows. In the next section, we set up our dynamic simulation model and describe the numerical details with some additional remarks. In Sec. III, the effective persistence length of PE is deduced from its forceextension curve for a swollen ͑uncondensed͒ PE, and its dependence upon the electrostatic effect is discussed in terms of the counterion condensation onto the PE. In Sec. IV, the charge-ordering behavior inside a PE condensate is investigated for large coupling regimes, where ionic pairings between PE monomers and counterions are clarified. Section V provides force-extension curves of PE condensates in the strong-coupling regime, which are also interpreted in terms of PE's intrachain behavior under stretching. In Sec. VI, we describe counterion distributions along stretched PE's, together with the influence of the pulling speed upon forceextension curves. Our conclusion and perspective are given in the last section.
II. MODEL
In our BD simulation, the chain comprises N harmonically linked beads of radius a, each of which carries a charge −qe. The system also includes N oppositely charged counterions of the same valency and radius to keep the overall charge neutrality ͓49,50͔. The charged particles interact via the unscreened Coulomb interaction, where the solvent is replaced by a background with the dielectric constant . The system is placed in a cubic box, and periodic minimumimage boundary conditions are imposed to keep the monomer and counterion density mon = ion Ϸ 1.5ϫ 10 −5 / a 3 constant ͓51-53͔. The long-time dynamics of monomers and counterions is described by the position Langevin equation ͓54,55͔
where ␥ is the damping constant, U the potential energy, and f i the vectorial random force acting on the particle i, which satisfies the correlation property ͗f i ͑t͒f j ͑tЈ͒͘ =2␥k B T␦ ij 1␦͑t − tЈ͒. Hydrodynamic interactions between any particles are not taken into account in this study.
The potential energy is composed of several kinds of contributions: U = U s + U b + U c + U LJ . The first one U s , of the form
ensures the connectivity of a PE with the bond length b. To maintain small variances of bond lengths around b, or the chain length around L = b͑N −1͒, we use a large value of the spring constant, K = 400⑀ LJ / a 2 , where ⑀ LJ is the energy scale of the Lennard-Jones potential shown below. The second one U b accounts for the intrinsic bending stiffness of a PE backbone, which we set as
where is the bending constant, u i = r i+1 − r i the bond vector, and û i = u i / ͉u i ͉Хu i / b and where i is the bond angle between consecutive bonds u i and u i+1 . The bare persistent length is thus given by
The Coulomb potential U c acts between all charged particles except between bonded ones, which is given by
where s j = ± 1 stands for the sign of the charge. Last, in order to prevent a collapse of monomers and counterions, a purely repulsive Lennard-Jones potential U LJ acting between all particles is also incorporated,
only for ͉r i − r j ͉ Ͻ b. The particle radius a, the L-J energy scale ⑀ LJ , and the associated diffusive time = ␥a 2 / ⑀ LJ are chosen as the unit of length, energy, and time in our simulation. In rescaled units, the coupling constant ⌫ = q 2 ᐉ B / a controls the relative strength of the electrostatic interaction to the thermal energy at a distance a. ͑The Bjerrum length ᐉ B = e 2 /4k B T Ϸ 0.7 nm in water at room temperature.͒ In the beginning of our simulation, a polymer with a randomly generated initial configuration is allowed to collapse to a globule and is equilibrated for 5 ϫ 10 6 -10 7 time steps with ⌬t = 0.001. A condensed PE is then stretched by pulling its one end at a constant speed, while the other end is fixed in a position. In all simulations presented below, we fix N =32,b =2a , L / L p 0 = 4, and k B T = 0.3⑀ LJ , unless otherwise stated, while ⌫ is changed from 0 up to 110. The long-run data for N = 64 is also shown briefly. For a single stretchrelax cycle, simulation runs for 10 8 -10 9 time steps for N = 32. Simulations for larger N systems, which are much more time consuming, are currently underway.
The choice of the pulling speed is a delicate problem, since the unfolding of a condensed PE is nonequilibrium. In the present study, the pulling speed v s is given in units of
2 N 2 /3 2 ⑀ LJ being the Rouse relaxation time for a flexible polymer with N monomers at k B T = ⑀ LJ ͓54,55͔. This is just a tentative choice, and we fix v s = 0.1v 0 throughout this paper. In Sec. VI we will demonstrate that this pulling speed is slow enough to minimize the pullingrate dependence on force curves by systematically investigating how the behavior of f-x curves are affected by the increase of v s . Some remarks are in order. The elastic potential, Eq. ͑3͒, works well only for small ͑i.e., a linear response regime͒. For a large local bending of the chain ͑over the angle /2͒, it decreases its energetic penalty, which is obviously unphysical. However, for its simplicity, we use Eq. ͑3͒ throughout this study, regardless of the magnitude of ⌫. We therefore set a relatively large L p 0 to avoid any artificial effect, and actually as shown below, our result in this paper is free from an unphysical effect caused by a local large deflection of the bond angle. For a longer PE, however, other types of potential form, such as ͑1 − cos ͒ 2 or 1 2 + 2 4 , where 1 and 2 are positive constants, would be better ͓25,56,57͔.
The use of the periodic minimum-image condition automatically set the large-distance cutoff R c , which is half the box length, for any interparticle interactions. Because of the long-ranged nature of the Coulomb interaction, each charged particle interacts not only with all others within the central simulation box, but also with its all periodic images in principle. This implies the absence of a cutoff length in Coulomb systems; more precise computational methods are better ͓49,50͔. The introduction of the cutoff R c , however, is not problematic in the present study for the following reasons. For large ⌫, most of the counterions condense onto a PE, which indicates that a PE complex is almost charge neutral, especially when it collapses. Because each box contains a PE in a very dilute condition, Coulomb interactions with periodic images are expected to be vanishingly small. For the opposite case where counterions are expanded over the box, the Coulomb interaction is expected to be sufficiently weak to be also safely neglected beyond the cutoff distance.
At the present stage, we neglect the hydrodynamic interactions between any particles. For a globular PE, this is not a serious drawback, because inside the globule, hydrodynamic interactions are significantly screened ͓54,55͔ and are also overwhelmed by large Coulomb forces. However, an intrachain structure of a PE condensate can be affected by its folding kinetic pass ͑since in BD simulations it approaches its ground state only very slowly͒, where a hydrodynamic interaction plays a crucial role. Also, counterion motions on an extended PE are affected by their hydrodynamic interactions in some way. Incorporating a hydrodynamic interaction properly in this system remains our future study. Figure 1͑a͒ shows the f-x curve of the PE for ⌫ = 0.1. Because of the almost unscreened Coulomb interactions between PE monomers, the PE is substantially swollen. The f-x curve thus obeys the WLC interpolation formula given by
III. COUNTERION CONDENSATION
where u = x / ͗L͘ is the fractional extension of a PE ͓39͔. The effective persistence length L p in Eq. ͑6͒ is now ⌫ dependent. To see this feature systematically, we plot in Fig. 2 the effective L p as a function of ⌫. They are determined by fitting Eq. ͑6͒ to the simulated f-x curves for 0.80ഛ u ഛ 0.98. For small ⌫ ͑roughly less than 3͒, the electrostatic repulsion between monomers leads to a stretched configuration of the PE-i.e., an increasing stiffness. As ⌫ further increases beyond the onset value of the Manning condensation ⌫ c Ϸ 2 ͑for an infinitely long, stiff chain ͓58͔͒, net repulsions be- tween PE monomers are more and more screened out by the counterion condensation, leading thereby to a significant reduction of L p . The behavior is consistent with that of the radius of gyration, R g , for a stress-free PE observed in other simulations ͓51-53͔, if one recalls that the persistence length is related to the radius of gyration as R g 2 ϳ 2L p L for a ͑neu-tral͒ semiflexible polymer. For ⌫Ͼ20, L p becomes smaller than L p 0 , which implies a ͑long-ranged͒ net attraction between PE monomers, due to the Coulombic instability ͓59͔. Around the transition point, data dispersion of L p is remarkable, while the precise critical value of ⌫ is at present unclear because of significant finite-size effects.
IV. PE CONDENSATES AND CHARGE ORDERING
For a sufficiently large ⌫, a stress-free PE condenses into a compact form. Figure 3 shows snapshots for ⌫ = 40 and 110 at time steps t = 1.2ϫ 10 7 , respectively. Both cases are above their crystallization point; the PE for ⌫ = 110 is much more tightly packed. Figure 3 also shows the pair-distribution functions of monomers and counterions, g mc ͑r͒, and between counterions, g cc ͑r͒. They are together given by
where we assume a spherical symmetry for a PE condensate. One can find in Fig. 3 a pronounced peak at r Ϸ 2a, which indicates that monomers and counterions are binding strongly; i.e., they are making ionic pairs. g cc ͑r͒ for ⌫ = 40 suggests that the counterions form a certain shortrange structure due to their mutual correlations, but as well its peaks are overlapped and are rather broad. This is because, although the condensed counterions are moderately correlated, they are in a fluid phase due to significant thermal fluctuations. On the other hand, there can be seen a few distinct peaks in g cc ͑r͒ for ⌫ = 110, confirming that the counterions possess a clear short-range order, analogous to an ionic crystal.
V. FORCE PLATEAU
For ⌫ = 40 a force plateau appears in the f-x curve, which can be most clearly seen in the semilog arithmetic plot of inset in Fig. 1͑b͒ . The magnitude of the condensation force between PE monomers is the quantity that can be compared with those of experiments. The excess work defined by
is calculated from the data, where f 0 is the WLC force of Eq. ͑6͒ and where x 1 and x 2 are set to 0.3͗L͘ and 0.8͗L͘. We obtain ⌬W ϳ 0.8k B TL / a, which corresponds to f ϳ 3.2k B T per monomer. Since this attractive force can be overwhelmed by a disturbing thermal fluctuation of a few k B T, fluctuation effects of monomers and counterions are still important for this ⌫. The net attraction here, which is coming from fluctuating dipole-dipole interactions and is thus purely electrostatic origin, is known to be an increasing function of ⌫ ͓14͔. Let us therefore tentatively compare our f / ⌫ with that of available experiment having a different value of ⌫. Assuming DNA's linear charge density = q / ͑2a͒ and the charge valency q = 4 in our model, we have a ϳ 0.34 nm ͑1 bp͒, which gives f / ⌫ ϳ 0.04k B T / bp for ⌫ = 40. On the other hand, for DNA with trivalent cation ͑q =3͒ at room temperature, one finds ⌫ =2l B / a Х 24. Using the experimental value ⌬W = 0.33k B T / bp for trivalent cation CoHex obtained by Baumann et al. ͓36͔ , one finds f / ⌫ ϳ 0.01k B T / bp for ⌫ = 24, which agrees with our value. Snapshots of the PE during stretching for ⌫ = 40 are displayed in Fig. 4 . Here, all the counterions condense onto the PE; i.e., the charge of the PE is completely neutralized. At the intermediate stage of the pulling, the so-called ball-chain configuration is found. ͑See also Fig. 5 .͒ Note that the origin of the ball-chain structure here is entirely different from that of the PE in a bad solvent. Because attractions are not so strong ͑typically a few k B T as revealed above͒, the PE condensate can change the intrachain conformation to minimize the stored elastic energy according to externally applied deformation. The deformation of the PE globule thus requires only constant pulling force. Figure 5 shows the variation of the number of monomers remaining in the globular object N g , as a function of the extension x. As is clearly seen, N g linearly decreases with x, directly indicating that the number of unfolded monomers, N − N g , linearly increases with x. It is important to note that this is exactly corresponding to the force-plateau stage in Fig. 1͑b͒ . The finding is simply understood as follows ͓60,63͔. For a typical ball-chain configuration ͑as schematically shown in Fig. 5͒ , the flexibility, or the entropic elasticity, is governed by the unfold monomers, because inside the globule, monomers tightly stick with each other and hardly move. Introducing thereby the PE's effective contour length L ef f , the tensile force f might be given by Eq. ͑6͒ with the replacement of the original contour length L by the effective one, L ef f ͓63͔. Since Eq. ͑6͒ contains x and L ef f solely in the fractional form x / L ef f , approximately constant x / L ef f immediately gives the constant force, which is the plateau value.
VI. STICK-RELEASE PATTERN
In Fig. 1͑c͒ , we show the f-x curve for the largest coupling parameter ⌫ = 110. The curve exhibits a pronounced sawtooth pattern, reflecting intermittent plastic deformations of the glasslike ionic condensate ͓17,52͔. Figure 6 shows a series of the corresponding snapshots of the PE. The ballchain configuration is most distinct for N = 64. The f-x curve of PE with N = 64 is also shown in Fig. 7 , giving no qualitative difference with that of N = 32. For a sufficiently large ⌫, the electrostatic attractions are so strong that the PE cannot alter its intrachain conformation easily, because a significant energetic penalty should be imposed on the PE conformations in which the charge of any particle cannot be compensated immediately by its neighbors. The elastic energy is therefore more and more stored in the chain as the extension increases, until the PE condensate is locally unraveled over the strong dynamic electrofriction ͓61͔ in a rather abrupt way.
The reason why the stick-release-like pattern is obtained in our simulation is best understood in Fig. 8 . In Fig. 8 , a slightly stretched configuration of the condensed PE is shown without the surrounding counterions: The chain is winding around the stretching axis; i.e., it takes a helical structure. To see how this periodic structure in an intermediate scale is deformed as the PE is stretched, we monitored in Fig. 8 the change of the winding number , which is defined by
where s is the contour length of the chain from its one end, ͑s͒ = ͉d 2 r͑s͒ / ds 2 ͉ is the magnitude of the local curvature, and the summation is taken only for monomers whose centers are separated by distances larger than 3a from the stretching axis. This constraint is necessary to discriminate a "zigzag" state ͓45͔ from a "helical" state that we are focusing on. Figure 7 shows that corresponding to the sudden decrease of the tensile force, is also decreased with one turn or half of a turn.
This finding might be positive with the expectation that the experimental stick-release pattern accompanies the turnby-turn periodic unfoldings of a toroidal supercoiling. However, the present simulation does not confirm it because the number of PE monomers is very small, and thereby the granurality of each monomer can also play a non-negligible role in the appearance of the sawtooth pattern here.
The refolding behavior of a PE under relaxing is also studied for ⌫ = 110. One can see marked hysteresis in the f-x curve ͓Fig. 1͑c͔͒. This suggests that folding and unfolding transitions of the PE with its counterions are first-orderlike ͓62͔. The feature is more distinctive in Fig. 7͑b͒ , which shows the f-x curve averaged over the five independent runs with an identical initial state. The averaged curve is smoothed out compared to the single-pass curve in Fig. 1͑c͒ , confirming that each stick-release response is caused by a nonequilibrium conformational change of the PE. Averaging over a large number of single-pass f-x curves, one would obtain a smooth f-x curve with vanishing peaks. However, a hysteresis would remain even in that limit, as long as a time scale of v s is faster than the longest transition time of a PE condensate to overcome an intramolecular local energy barrier ͓63͔.
VII. DISCUSSION

A. Counterion charge orderings
We now turn our attention to the counterion charge distribution to make clear the underlying mechanism behind the different types of PE elasticities. For a stretched PE, however, a distribution of condensed counterions becomes highly anisotropic; we thus cannot use the ͑angle-averaged͒ radial distribution function any more to characterize it. Instead, we consider here a highly stretched PE and investigate a onedimensional ͑1D͒ counterion distribution along the PE backbone. In Fig. 9 , the counterion pair distribution functions g cc ͑x͒ are shown for ⌫ = 40 and 110, with the PE fractional extension u being kept nearly 0.9. Here g cc ͑x͒ is calculated according to
where x i c ͑t͒ is the x component of the ith counterion position and the brackets represent the long-time average ͑taken as roughly 10 7 time steps͒. To qualitatively discuss the observed structures of the counterions, we also show the 1D structure factor S͑q ʈ ͒ which is a direct Fourier transform of g cc ͑x͒.
While S͑q ʈ ͒ has no particular structure for ⌫ =40 ͑which is similar to that of an ideal gas͒, there is a prominent peak at q ʈ a ϳ for ⌫ = 110, which is identified as the Coulombic ground-state configuration of the condensed counterion. On the other hand, the self-diffusion of a counterion ͑averaged over all particle motions͒ is, although extremely slow, subdiffusive even for ⌫ = 110. See Fig. 9͑c͒ . For both cases the values of ⌫ are much larger than 1; counterions form a moderately to strongly correlated liquid ͑as we have seen for the PE condensates͒. However, there still exist qualitative differences: For ⌫ = 40, counterions highly fluctuate in the diffuse condensed layers and the fluctuating dipole ͑ionic-pair͒ interaction gives rise to net attraction between PE monomers ͓7-9,14,51,59͔. The role of thermal fluctuations is therefore important here, and the PE globule may behave like an ionic droplet which could be easily deformed under an external pulling, giving a force plateau. On the other hand, for ⌫ = 110, counterions are in a glasslike phase rather than in a usual liquid phase, with the short-range ionic-crystal order. This short-range order creates a very strong attraction be- FIG. 8 . ͑Color online͒ Top: snapshot of a PE condensate without surrounding counterions, which takes a helical configuration. Below: winding number as a function of the fractional extension x / ͗L͘. Arrows highlight the points where the force drops involve one or half turn decrease of the winding number, .
tween similarly charged objects, which may lead to the PE condensate having the stable periodic structure, combined with the bending rigidity of the PE chain. In this regime, dynamic unfolding behavior is observed as the stick-release pattern. This idea may also be supported by the prediction that, for much larger ⌫ ͑below the melting temperature͒, the latter attraction dominates over the former one at a very short distance that is typically the inter particle distance b ͓64,65͔. In order to verify those, extensive data for larger-N systems will be required because we have to diminish finite-size effects and the influence of the system-size-dependent duration time of metastable states as much as possible.
B. Influence of the pulling rate: Effects of intrachain friction
Throughout the simulation, we have fixed the pulling speed v s as ␣ = v s / v 0 = 0.1. The unfolding behavior of a PE condensate is, however, known to be strongly pulling rate dependent. Figure 10 shows an example where two f-x curves for ␣ = 0.1 and 4.0 are quite different. Also, the fluttering of the force becomes stronger as increasing the pulling speed. To qualitatively characterize the influence of the pulling speed on a force-extension curve, we plot in Fig. 10͑b͒ the irreversible work ⌬W ͓defined by Eq. ͑8͔͒ for ⌫ = 60, as a function of ␣. ͑Data for ␣ Ͼ 1 are 3-times averaged due to large fluctuations of the force.͒ The excess work increases linearly with the pulling rate, following approximately the functional form ⌬W / k B T = 1.95+ 0.85␣, which is shown by a dashed line in Fig. 10͑b͒ . While the precise reason for this is at present unclear, the value we used ͑␣ = 0.1͒ is found to be in the convergent region, leading to the conclusion that the results presented in this paper are, at least, free from extreme pulling-rate-dependent effects. More detailed studies of the effects of the intramolecular friction ͓55,66͔ or a possible link to a Jarzinsky-type equation ͓67͔ will be reported elsewhere.
VIII. SUMMARY
In this paper, we have studied a strongly nonlinear regime of the elasticity of a single polyelectrolyte condensate by dynamic simulation in a wide range of the electrostatic coupling parameter ⌫. The simulation results are apparently consistent with experimental trends. As the PE condensate takes a liquidlike to a solidlike structure, its force-extension curve crosses over from a force-plateau to a sawtooth response. We have provided a physical interpretation of these responses in terms of PE's conformational changes under stretching, together with their energetic stabilities against thermal fluctuations. Charge orderings of the condensed counterions have been investigated for both collapsed and stretched PE's, demonstrating the formation of moderately to strongly correlated liquid states. Especially in the limit of strong coupling, a short-range crystal-like order of counterions on the surface of the PE, which is compatible to recent strong-coupling theories ͓6,13,15-21,64,65͔, has been found. Simulations of larger-N systems, as well as incorporating hydrodynamic interactions, are currently in progress and will be reported elsewhere.
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